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Your Name

SOLUTIONS

1. (16 points) Let S(n, k) denote the Stirling numbers of the second kind.

(a) Use complete enumeration of appropriate set partitions to determine S(4, 2).

answer: S(4, 2) = 7.
1,234
2,134
3,124
4,123
12,34
13,24
14,23

(b) Give a combinatorial justification that S(n, 2) = 2n−1 − 1. (That is, we were given a formula
for S(n, k). You cannot use this formula. Essentially, you are asked to show that this formula
is correct when k = 2.)

ANSWER: We need to describe how to count the number of ways to partition the set [n] into 2
blocks. Since every partition of [n] must contain the element 1 in one of the two blocks, we will
describe (and therefore count) the partitions of [n] according to elements in the same block as 1.

For each element in {2, 3, 4, · · · , n}, there are two choices: to be in the same block as 1 or
be in the other block. Thus, there are 2n−1 different ways to place all of the elements in the
set {2, 3, 4, · · · , n}. All of these different 2n−1 choices are indeed 2-partitions of [n], save one:
the instance in which all elements of {2, 3, 4, · · · , n} are placed into the same block as 1. The
problem in this case is that the second block is empty. Thus, we must subtract this from our
count.

(c) How many different functions with domain [n] and codomain [k] are possible?

answer: For each item in [n] there are [k] choices. Thus, the number of function is kn.

(d) How many different functions with domain [n] and range [k] are possible?

answer: k!S(n, k)

Since the function is onto, the set of inverse images of elements in the range must form a
partition of the domain. The number of partitions of [n] into k-parts is S(n, k). The number
of ways to assign each block to an image in [k] is k!.
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2. (10 points) Use inclusion-exclusion to determine how many integers in [100] are not divisible by 4,
6, or 7. A calculation is sufficient. You do not need to simplify your answer.

answer:
Let pi be the property that number between 1 and 100 is divisible by i for i ∈ {4, 6, 7}. In this
notation, we want the quantity N=(∅). A straight application of Inclusion-Exclusion gives:

N=(∅) = N≥(∅)−N≥(p4)−N≥(p6)−N≥(p7) + N≥(p4, p6) + N≥(p4, p7) + N≥(p6, p7)−N≥(p4, p6, p7)

= 100−
⌊
100
4

⌋
−
⌊
100
6

⌋
−

⌊
100
7

⌋
+
⌊
100
12

⌋
+
⌊
100
28

⌋
+

⌊
100
42

⌋
−
⌊
100
84

⌋
= 100− 25− 16− 14 + 8 + 3 + 2− 1

3. (15 points) Let P (n, k) count the number of integer partitions of n into k parts.

(a) Use complete enumeration to determine P (6, 3).

answer: P (6, 3) = 3.
1,1,4
1,2,3
2,2,2

(b) Give a combinatorial proof of the identity below:

If n ≥ 1 and k ≥ 1, then P (n, k) = P (n− 1, k − 1) + P (n− k, k).

answer: Let S be the number of integer partitions of n into exactly k parts. By definition
|S| = P (n, k).
On the other hand, we can take the elements of S and partition then according to the size of the
smallest part. Specifically, let S1 be the elements in S with smallest part equal 1 and let S2 be the
elements of S with smallest part at least 2.
Claim: |S1| = P (n− 1, k − 1)
Since every partition in S1 has smallest part equal 1, by deleting this part of size 1, there is a
one-to-one correspondence between partitions in S1 and integer partitions of n−1 with k−1 parts.
Claim: |S2| = P (n− k, k)
Since every partition in S2 has the property that all of its parts are at least 2, we can remove one
from each part without reducing any part to zero. Thus, while the number of parts is still k, the
integer being partitioned is now n− k.
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4. (16 points)

(a) Write an ordinary generating function to count the number of ways to distribute 20 identical
pieces of candy to two adults and three children. Assume the adults receive at most one piece
of candy and the children receive at least one piece of candy. Identify what coefficient you need.

answer:
q
(1 + x)2(x + x2 + x3 + · · · )3

y
x20

(b) Let g(x) = (1 + x2 + x4)(x + x2 + x3 + · · · )(1 + x + x2 + x3 + · · · )2.
i. Write a concise form of g(x).

answer: g(x) =
x(1 + x2 + x4)

(1− x)3

ii. Find Jg(x)Kx6 . Simplify your answer.

answer: Jg(x)Kx6 =

s
x(1 + x2 + x4)

(1− x)3

{

x6

=

s
1

(1− x)3

{

x5

+

s
1

(1− x)3

{

x3

+

s
1

(1− x)3

{

x

.

So Jg(x)Kx6 =

((
3

5

))
+

((
3

3

))
+

((
3

1

))
= 21 + 10 + 3 = 34.

iii. Given an example of a problem for which Jg(x)Kxk is an answer.

Answer: In how many ways can k identical candies be handed out to four people (A,B,C,D)
such that A gets zero, two or four candies, B gets at least 4 candies and there are no re-
strictions on how many C and D get?
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5. (15 points) Prove that R(K1,3,K3) = 7.

(a) Draw and label the graphs K1,3 and K3.

K1,3 K3

(b) Demonstrate that R(K1,3,K3) > 6. (Note that an example is not sufficient. You must explain
how that example implies the lower bound.)

Observe that the red graph consists of two disjoint 3-cycles. Thus, every vertex has degree 2
in the red graph and therefore cannot have degree 3. So, the red graph has no K1,3.
Observe that the blue graph is bipartite and therefore has no odd cycles at all. Thus, the blue
graph cannot have a 3-cycle.

(c) Demonstrate that R(K1,3,K3) = 7.

proof: It is sufficient to prove that every 2-coloring of the edges of a K7 will always contain a
red K1,3 or a blue K3.
Let v be an arbitrary vertex in a 2-colored K7 and observe that deg(v) = 6.
Case 1: Vertex v is incident to at least 3 red edges.
Then v along with three of the vertices adjacent to v via red edges forms a red K1,3.

Case 2: Vertex v is incident to at most 2 red edges.
Then, v is incident to at least 4 blue edges. Label the vertices to which v is adjacent via blue
edges as: x1, x2, x3, x4. Observe that if even a single {xixj} edge is blue, then the 2-colored
graph has a blue K3. On the other hand, if all of the edges of the form {xixj} are red, the
graph has a red K4, which clearly contains a red K1,3.
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6. (12 points) Let V = [n] for an integer n ≥ 3 and let k be an integer such that 2 ≤ k ≤ n− 1.

(a) Let B be the set of all k-subsets of V. Does (V,B) form a balanced incomplete block design?
Prove your answer is correct.

answer: yes.
proof: We must show that the design is (i) incomplete, (ii) regular, (iii) uniform, and (iv) bal-
anced. (While it ain’t hard, we do have to address each of these in order to know an arbitrary
design is actually a BIBD.)
(i) incomplete: By definition the blocks have order k < n.

(ii) regular: For every x ∈ [n], there exist

(
n− 1

k − 1

)
different k-subsets of [n] containing x.

Thus, every x ∈ [n] appears in the same number of blocks of the design, making the design
regular.
(iii) uniform: By definition, every block is a k-subset. Since all blocks have the same cardinal-
ity, the design is uniform.

(iv) balanced: For every distinct pair of elements x, y ∈ [n], the pair will appear in

(
n− 2

k − 2

)
distinct k-subsets of [n]. Thus, every distinct pair of elements x, y appears together in the same
number of blocks of the design, making the design balanced.

(b) Let B = {1, 2, 3} ⊆ V and assume n ≥ 5. Can B be the base block of a cyclic design? Prove
your answer is correct.

answer: no.
proof: If B were the only base block of a cyclic design, then the blocks of the design would
look like:
1,2,3
2,3,4
3,4,5
4,5,x
5,x,y
and so forth...

Observe that, depending upon n, the variety in the position of x could be 1 or 6. There are
similar cases for y. What is certain is that we have already listed all of the blocks that contain
3. Since in this design, 3 appears with 1 only one time but appears with 2 twice, the design is
not balanced.
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7. (16 points)

(a) A store has 20 varieties of doughnuts. In how many ways can you fill an order for a dozen
doughnuts assuming there are no restrictions on the types of doughnuts. (That is, you may
choose several of the same variety. Assume the store has a least 12 of each variety.)

(b) A store has 20 varieties of doughnuts. In how many ways can you pick a different variety of
doughnut for each for your 7 best friends.

(c) A nice teacher brings a box of 12 identical glazed doughnuts for her class of 8 (nonidentical)
students. In how many ways can the doughnuts be given to the students assuming each
student gets at least one doughnut but at most two doughnuts. (Assume the doughnuts are
not divided.)

(d) A nice teacher brings a box of 12 different doughnuts for her class of 8 (nonidentical) students.
In how many ways can the doughnuts be given to the students assuming each student gets at
least one but there is no other restriction. (So some student could get 5 doughnuts. Assume
that the order in which a student gets his/her doughnuts does not matter.)


