MATH 320 COMBINATORICS MIDTERM I FaLL 2019
Your Name
Problem Total Points Score
1 24
2 12
3 18
4 15
) 16
6 15
Extra Credit (5)
Total 100
e This test is closed notes and closed book.
10

No calculator is needed since all answers can be left in “choose” form.

acceptable answer.)

In order to receive full credit, you must show your work.

Raise your hand if you have a question.
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1. (24 points) Let S = {a,b,c,d,e, f,g,h,i,7} be a set of 10 letters. (Answers without work are
acceptable.) : : -

(a) How many permutations of S have all of the vowels before all of the consonants?

3. 31

(b) How many 6-character passwords are possible using only letters from S7

(c) How many 6-character passwords have at least one repeated letter?
/3 6 Counting the
/0 - (/0)(0 =/0 —[lm?-?-:-(, c&mphmw“

-— - e =

(d) How many 6-character passwords have all characters in alphabetical order? (So the passwords
bcfthij and acdehi would be counted but password bcaefg would not, since the letter a is
out of order.)

/10 Once +he LtkkA have been chosth,
(6> H-e alpka.lau" dirmines

+he ovdar.

2. (12 points) ( AhSW{YS wﬂ"‘ he l/)bl’h are Ok)

(a) How many functions f : [n] — [k] are onto?

AUn,¥) - k!

(b) How large does n need to be to guarantee that, for every function f : [n] — [20], there exists
some b € [20] such that |f~1(b)| > 3?

nN= 6
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3. (18 points) There are 100 pieces of candy and 35 children. Find the number of ways to distribute
the candy to the children in each of the following situations.

(a) The pieces of candy are indistinguishable and each child gets at least one piece. (The children
are considered to be different from each other.)

- Givt each child apuc{ Qav?nj 05'7>7ew.>-

32))5 35—“(,5) (z

(b) The pieces of candy are all different and each child gets exactly one piece of candy. (So some
candy is left over.)

(/ 00)35

(¢) The pieces of candy are all different but you distribute them among 35 identical paper bags
assuming no bag is left empty.

S(16,35)
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4. (15 points) Give a combinatorial proof of the identity below.
k
0

> (7))

m-n
For any positive integers m and n, ( ]_: > — Z
]:

Jot S be aset of m men and n wemen.
The humber of k—paﬁon Commiﬂocé Hhat con be

Cormed £rom S is <l5')$ (m;n)

K

Dflwnmlivtl& we conld count Hhe commiliess Lg

iHee .
Cohdt’iioninﬂ on +he number of maen on the comm

1§ +hee are J men +hen C;) 1s Hhe number of

n
ways o S Hum. Thap +hee ore é) ays to
s-dn(:' +)le rewinin.j K—:S commillee membid 'PMV”
4—)'\0. n wWovmen. g'mu. Yhe numler d‘P meh on +he
Commillke can ange from nore (=0) +o all (4= n-.)/

He number of K-poson commild fom S ie also:

> L
J7°
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5. (16 points) The following question concerns the proposition below:
Proposition: If n > 1, then S(n,2) =27~ — 1.

(a) List all 2-partitions of [4] and show that the proposition holds for n = 4.

'123"’ :2);: » a*‘d <
2,134 ) Y. 0
3;,”' 14,23 2_. -2 1’7'

So S(n ,z)cz'“'»l inHhB

l-l) 123 $th) =F eas

(b) Give a bijective proof of the proposition.

LU(; A be 4he Set of all Z'paﬂ'mms of I»n] and Lt

B be the sd of al nonemp@ subsets of Ln-i].

[,;l: oA Then a has +wo blocks: one C.o'w(aihfnj n
and one +hat deetn't. Map Pa.v-l-?hon a +o Hw
subset of [n-ll covrrespendrg +o the elenunds in+he
blodc ANOT con-la.’mins n. dmlj +he image of a
1S o nonzmp-‘g set (Sine blocks art mmm%) and

s a subset of Dn-U §na N s a%dudul»)

\
- : d o/ be mapped +o U Sama
orecee Le aond > ' both a and a’ have

sstk of [n-i), call it B. 7hen Bot
B 2 6neblode and B U i3 as their oHher blsck .
Thus asnd o’ ake te game pardition

onto : Lt B In-1] whene BLL.

Consbrack a€h os Sollsws: one block )
's Byiny. Sine a is o povhitio~ of Cnl w

blods, achA. By difinidion, &8 mopped b B

R and He second
h +wo
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6. (15 points)

(a) By enumeration, determine P(4,2), the number of 2-partitions of 4.

24|

242
@ (5, 3) 341+
242+ |
o Gor 171 -1
(b) "Determine a formula for P(n,2), the number of 2-partitions of n, and explain why your answer

is correct.

‘PCn;nﬂ =)

In erder do form N-2 nen 0 pawb,we leq uiny
N-2 unids Cor 1'S) Sroma n. This leaves only Z
e Mmaining. There are only +wo ‘PoSS':b} litees -

put +he agt Hwo togellur Lorm A& part of Size3 or
q,u:\’ +hem m &‘Pam‘t' PW'I‘S‘\DQVM 400 por-ls 2ach

of s12e2,

Extra Credit: (5 points) Consider any 5 points in the xy-plane with integer coordinates. (That is,
point A(—3,18) had integer coordinates but point B(2,4/3) does not.) Prove that there must exist two
of the five points such that the midpoint of the line segment joining those two points also has integer

coordinates. i
Fov each point, thevt are hws choias for the parity of 2ach

coordinale : (-aueh,wrb) fem)odd)) (odcl,odell (o&‘)ﬂ.wn),

There art Ortlj Heese four ’PoSS)Hl#:ég Sinw 24 With 5
poirts ) Hwo must have +he Same "par}{j lﬂpe,."
Mow , +he midpoint formula C(f_{z) 5%z> Qimes

2
Indegr coordina®d for Such a pair, sine X4%2

and Y, +Y,. must bobh be eves,



