
Math 320 Combinatorics Midterm I Fall 2019

Your Name

Problem Total Points Score

1 24

2 12

3 18

4 15

5 16

6 15

Extra Credit (5)

Total 100

• This test is closed notes and closed book.

• No calculator is needed since all answers can be left in “choose” form. (So 6
8

✓
10

4

◆
is an

acceptable answer.)

• In order to receive full credit, you must show your work.

• Raise your hand if you have a question.
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1. (24 points) Let S = {a, b, c, d, e, f, g, h, i, j} be a set of 10 letters. (Answers without work are

acceptable.)

(a) How many permutations of S have all of the vowels before all of the consonants?

(b) How many 6-character passwords are possible using only letters from S?

(c) How many 6-character passwords have at least one repeated letter?

(d) How many 6-character passwords have all characters in alphabetical order? (So the passwords

bcfhij and acdehi would be counted but password bcaefg would not, since the letter a is

out of order.)

2. (12 points)

(a) How many functions f : [n] ! [k] are onto?

(b) How large does n need to be to guarantee that, for every function f : [n] ! [20], there exists

some b 2 [20] such that |f�1
(b)| � 3?

.  ,  -

31
.

. 7 !

6
10

Counting the

106
- (b) 6=106 - [1-0.9--8--7.6] complement

(160)
Once the letters have been chosen

,

the alphabet determines

the order .

( Answers with no work are OK .)

San ,K) . K !

n > , 61
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3. (18 points) There are 100 pieces of candy and 35 children. Find the number of ways to distribute

the candy to the children in each of the following situations.

(a) The pieces of candy are indistinguishable and each child gets at least one piece. (The children

are considered to be di↵erent from each other.)

(b) The pieces of candy are all di↵erent and each child gets exactly one piece of candy. (So some

candy is left over.)

(c) The pieces of candy are all di↵erent but you distribute them among 35 identical paper bags

assuming no bag is left empty.

- Give each child apiece , leaving 65 pieces .

- A !5D=( 356565) -
. ( G4s )

(10%55400,35)
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4. (15 points) Give a combinatorial proof of the identity below.

For any positive integers m and n,

✓
m+ n

k

◆
=

kX

j=0

✓
m

j

◆✓
n

k � j

◆

Let S be a set of m men and n women .

The number of K - person committees that can
be

formed from S is ( 15h ) = ( Mtkh ) .

Alternatively,

we could count the committees by

Conditioning on the number of men on the Committee .

If there are j men
,

then Cf) is the number of

ways to Select them
. Then then are @g.) ways

to

Select the remaining Kj committee members fwm

the n women
.

Since the number of men on the

Committee can range from none Cj=o) to all Cj= m )
,

the number of K - Person committed from S is also :

KEYED .
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5. (16 points) The following question concerns the proposition below:

Proposition: If n � 1, then S(n, 2) = 2
n�1 � 1.

(a) List all 2-partitions of [4] and show that the proposition holds for n = 4.

(b) Give a bijective proof of the proposition.

1
,

234 12,34

2 , 134 13,24

3,124 14,23 )
" "

£4 '
'

.

1=23 . 1=7

4) 123
s ( 4. 2) =z

So Sch
,
2) =2n

'

- 1 in this

case .

Let A be the set of all 2- partitions of [ n] and let

B be the set of all nonempty subsets of [ n . D .

let at A . Then a has two blocks : one containing n

and one that doesn't . Map partition a to the

Subset of [ his corresponding to the elements in the

block NOI containing n . Clearly the image of a

Is a non empty set ( since blocks an nonempty ) and

It's a subset of [ n - is fina n is excluded .)

One-to-one : let a and a$be mapped to the Same

subset of [ n - is
,

call it B
.

Then both a and a
' have

B as one block and I u { n3 as their other block
.

Thus a and a
' ate the same partition

onto : let B E [ n . if where 13=10 .

Construct a EA as follows : one block is B and the Second

is D u { n }
.

Since a is a partition of [ is with two

blocks
,

at A
. By definition ,

a is mapped to B
.
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6. (15 points)

(a) By enumeration, determine P (4, 2), the number of 2-partitions of 4.

(b) Determine a formula for P (n, 2), the number of 2-partitions of n, and explain why your answer

is correct.

Extra Credit: (5 points) Consider any 5 points in the xy-plane with integer coordinates. (That is,

point A(�3, 18) had integer coordinates but point B(2, 4/3) does not.) Prove that there must exist two

of the five points such that the midpoint of the line segment joining those two points also has integer

coordinates.

3+12
+2

@ PCs , 3) 3+1+1
2+2+1

✓ for
N74

- n -2

P(n ,
n -4=2

In order to form n -2 nonzero parts , we require

n -2 units ( or l 's ) from n
.

This leaves only 2

remaining .

There are only two possibilities :

put the last two together to form a part of size 3 or

put them in separate parts to form two ports each

of size 2
.

For each point ,
there are two choices for the parity of each

coordinate : ( even
,

even )
,

( even
,

odd )
,

Codd
,

odd )
,

Codd
,

even )
.

There are only these four possibilities since 22=4
.

With 5

points ,
two must have the same

"

parity type .

"

Now ,
the midpoint formula : (×¥z2 , Y±⇒ gives

integer coordinates for such a pair, since x. + xz

and y , tyz must both be even
.


