MATH 490 SENIOR SEMINAR MIDTERM Monday 2 March 2020

Rules:

You have 60 minutes to complete the exam.

Partial credit will be awarded, but you must show your work.

No calculators, books, notes, or other aids are permitted.

If you need extra space, you can use the back sides of the pages. (Clearly label any work you want graded.)
Turn off anything that might go beep during the exam.

Good luck!

Problem Possible Score

1 10
12
12
10
16
10
Extra Credit 3

Total 70
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(1) (10 points) Prove Corollary 1.3.4:

2¢e(G) 2¢(G)
pIte)] and hence 0(G) < G

(Make sure to address both parts of this statement.)

raph and Ld V=V&) e = =e(6) and
Ahc/ A=ACS).
Sum Theorem, we Fnow

In a graph G, the average degree of a vertex is < A(G).
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(2) (12 points)

(a) Prove that if G is a graph with at least 2 vertices, deleting a vertex of degree A cannot

increase the average degree of G.

@)
PE: Let G bea %w»?h. and 1eV0) ss Hal ab.aCV):A(é),
Let 6'5 L-r. Theh, Nzl wusthe averige aleémd of

G and 6’ are:
v / (3 -
= ‘v’%\l&‘)() _ '?_'féé) and a&- vézycsljv 24: 2e(4) ‘ZA.
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- ; . > 2 Z dus @)= '/e.,
T}‘L&V\ R.en iA V4 %Te: ) %Mlvﬁt‘“"‘lﬁ ) 2.6. 7AAN re\/(é)a

/
[ = =4 =0,
A Conbraghickim i &>l K ez0, Hun &

dh (.bﬂ tohradichind) Assume a.'a .

(b) Prove that if G is a graph with at least 2 vertices, deleting a vertex of degree §(G) can decrease
the average degree of G.

Proot . Consider K,. T+ has aierage Aogree | .
=y So Hs averaqe
Bm,l'. Kz-f“h‘ has d-tsr‘u O. 0 j

dzzﬂe olecreased .
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(3) (10 points) Sketch the proof of the theorem below.

Theorem 1.2.26 A graph is Eulerian if and only if has at most one nontrivial component
and its vertices all have even degree.

=2: (easy direckion) 1§65 isEulerian, there is a circwt con-laininj
""’“,5“'5“ So a”cclf,c\s must be in +Hhe Sance Com poneaf .
Move suer, We cah shwt Hhe Cicait anywhere e like, S0 all vevtices p
Can be viewed as injwior ohes. Thus S every dine He Cirend arrives
averlo# via edye ¢ it must leave via vwlarf}. Thus,, 2d s
ncidit o v can be paired up.

& : ( achual word)
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Find an Eultr cirand in each Compaent
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(4) (10 points) Prove Corollary 3.1.13: For every k > 0, every k-regular bipartite graph has a perfect
matching.

PE: Let 6 have partite sels X, V. §
Since (Q) = Klx] and e(E)=KIYl. We $ind Hhat bel=L%,
ao Gis balanced. ' .
Thus G will hare & pcr(’e.c:{' ma'l'C}'rnj 1 we C;U\
Show that Hhere is & matchin $hat 8,¢']‘um~l-¢é :
1hus i+is slficient +o Show Fhat #alls;w{:g':-W@)
applies é’lz’ci(‘imlﬁ Hat £orz,wr3 S €4 = Sﬁ)'
Qince G is k-rtgular, tan He number of 2dgd fr;:"d
NS is Klsl. On He obar hanJ} the number 95

ncident lo NG is a1 mest K |wes).
Thus  K)s) £ kw9, Thas Is) < Wes)| .
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(5) (16 points) The graph G is below. It is copied below each questions in case you would like to draw
your answer on a copy of the graph.

f
d c
e g
a b

(a) Find a path in G that is maximal but not maximum or explain that one does not exist.

fi N ote GNSAP&H“’F%‘#\ G.

(b) A matching in G that is maximal but not maximum or explain that one does not exist.

e G has a mat ding of

! N
e&g Sees .

(¢) Find a circuit that is not a cycle or explain why one does not exist.

f
d c
e g
a b

(d) Find a bipartite subgraph of G containing at least half of the edges.

3 ele= i
We meJT[‘ adgs . They

a p & [,,Ast

are n red,
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(6) (10 points) Let v be a cut vertex of a simple graph G. Prove that G — v is connected.

PR Lot vbe 2 cut verdsc of Hhe simple 6}1&1%6. We

— Wwill shows Hhat G-V is c:ynmcM bg Fin .’leL
Poth betwen Lyery Paic & vertias of G—V
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Extra Credit: (4 points) Prove that every simple graph with at least two vertices has two vertices of equal

degree.

Let 6 be & graphon T vertices.

Since G is Simple, for evey ‘ZféVCGB )
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