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• w is a atuetex in G - U
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darectoartfidaanuar stuff
ie Euler 's Formula

• soften up Kuratowski

From Monday

• G = ( v , E) is a plane graph means

V
,

E E 1132 sit
.

V - points in 1122

E -

arcs in 1122 made of finite # ofstraightline segments and

different edges have non -

intersecting arcs .
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boundary G .

• If G is a 2- connected plane graph
then the boundary of every
face is a Wk

It §g



defy :
. plane graph C- = C V

, E) is called maximallypahe
( or maxima ) if t e EE

,
it is not possible

to add e to G and the result still be plane .

G - R2

• G is a planetriangulation if every face

of G is bounded by K ?

t.ES
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Props 4.2.82 G is a plane graph on at least 3

vertices

C- is maximal L⇒ G is a plane triangulation .

PI : ⇐ : Spps G is a triangulation .
Nts no added

edge is possible .

Any added ease is an arc wli I face
•
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Euleisformula ( Thm 4. 2.9 )

C- connected plane graph

s.tn
= # vertices

m
.

= # edges
f  = # faces

.

P
.

g.F-then n - mtf  =2

If
n -

-
8

m=9

PI : sppse.lv/=n ,
fixed

.

f =3

Induction on M f TEI
. n - Mtf  = 8-9+3=2

Base m= n - I C G is a tree )
So

,
f = I

n - m tf  = n - C n - It 1=2 ✓

✓ plane
1np : Ind . Hypoth : Every graph on n

vertices t fewer than m edges
Satisfies E 's Form .

Spps G is a plane graph on m > n - I

edges .

B/c mean
,

G has a cycle .

So pick e on a

cycle in G
.

So C-  - e is connected A has
fewer edges .

So I. hyp . applies to

G* -

- E - e
.

n
't

ma . . .

n - C m - Diff-D= 2
n - m tf  =L ✓



cor4.2.io : . G plane graph on N vertices
,

N > 3
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maximally plane graph
-

PI : Saff to show D- alata has 3h - 6 edges .

G is plane triangulation ⇒ t face
, boundary

is K ?

If f  =
# faces

,
then count edges by

€3
. f

all
'

Beats's?
" ' double wants

• So 3. f -

- 2. m or
f -

- Zz m

2 = n - mtf = n - m TEs m

6 =3 n - 3mt2m=3n - m

m=3n - a ✓

Ohs : K 's
and

MY
cannot have plane representations

co K5 : he 5
,

m -
- 10 to Be planar we need

10 = ME 3h - 6 = 15-6--9 X
No k5 is not planar .

. If Ks E G
, ther G not planar

- If His a subdivision of Ks and K5EG
,

is G planar ?



G planar ?

If G has a pane embed d dig the
It has a pane embedding

We would get an embedding of

Ks by replacing paths in H

by arcs .



Cor 4.2.11
-

No plane graph can contain a topological
minor of k5 or 193,3 .

or
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⇒

Thin ( 4. 4. 6) Kuratowski 's -1hm
✓ ¢

C- is planar c⇒ G does not contain K5 or

K
3,3 as a minor

Logical Structure

• G has no Kz ,zorK5 a ⇒
G has no Kzisork

as a as a

minor topological minor

• ⇒ : done .

• ⇐ :

on 3 - connected graphs .

• If C- is 3 - connected
,

then 7 ee Gst
.

Che
is still 3 - connected .

• Any G with no K5
or Kz is

as a top minor and is

edge -

maximal
must be 3 - connected

.

Wr .

- t absence of K5 or Kz ,z
as top minor
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