
MATH 316: History of Math Ticket 7 (§3.3-3.5)

1. Read Burton §3.3-3.5 and you are given permission to do so lightly.

In section 3.3, our focus will be on (i) geometric proofs of the Pythagorean Theorem, (ii) the
word incommensurable, and (iii) what is meant by the crisis of incommensurable quanti-
ties.

In Section 3.4, our focus is on (i) what counts as a geometric construction, (ii) what are the
three construction problems of antiquity, which requires knowing the word quadrature. In
class, we will show Hippocrates’ quadrature of the lune.

In Section 3.5, our focus in on the curve called a quadratrix, its definition and its uses.

Section 3.3 Questions

2. Supposing that the triangle with sides a, b and c is a right triangle, explain how the pictures
below “prove” that a2+b2 = c2. What facts from geometry are being implicitly used in these
pictures/arguments?

Argument: Both figures are of a square on side a+ b thus they must have the same area.
Both figures have 4 copies of the triangle on sides a, b, and c. Thus the area that remains
after those 4 triangles are deleted must be equal. Call this the left-over area. In the left figure,
the left-over area has area a2+b2. In the right figure, the left-over area is c2. Since these are
equal, we conclude a2 +b2 = c2.

Implied assumptions: The angles of a triangle sum to 180. If the sides of two triangles are
equal, then the triangles are congruent. Said a different way, we are assuming that figures
fit together the way it appears. So the sides of the figure really are straight line and not very
slightly bent.

3. (pg 109) What does it mean for two line segments to be commensurable? What does it mean
for two line segments to be incommensurable? (Note that in neither case are you allowed to
use the words rational or irrational.)

Two line segments are commensurable if it is possible to find a third line segment that mea-
sures out the first two line segments an even number of times. For example, segment A and
segment B are commensurable if I can find a segment C such that A has length kC and B has
length ℓC where k and ℓ are integers.
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Two line segments are incommensurable if no common measure is possible. That is, any
segment that measures A will fail to measure B.

4. In one sentence, what was the crisis of incommensurable quantities?

The discovery that the diagonal of a square is incommensurable with its side.
That the diagonal of a unit square is an irrational number.
That

√
(2) is irrational.

5. Using modern terminology and in one sentence, why is this a crisis?

If you believe all numbers are integers or ratios of integers, then there is no number to rep-
resent the length of the diagonal of the unit square. On the other hand, if there is a number
for this length, clearly you do not understand numbers.

Section 3.4 Questions

6. What do ancient Greek mathematicians mean by a geometric construction? (pg 121)
One is allowed to construct something using a straight edge and a compass. No other tools.
No measurement (of lengths or angles) is allowed.

7. Restate in modern language the quadrature of the circle problem.
Given a particular circle, construct a square with the same area.

8. What does the author mean by the three construction problems of antiquity? Why does he
devote an entire section to them?

The three problems are: quadrature of the circle, duplication of the cube, trisection of an
angle.
These problems are hard and attempts to answer them inspired a lot of new mathematics
over more than a thousand years.

Section 3.5 Questions

9. How is the curve called a quadratrix defined?

It is defined via the intersection two lines moving a constant velocity. The horizontal line
starts at the top of the square and drops down. The second line begins on the left vertical side
of the square and rotates clockwise around the lower-left corner. Both lines start at the same
time and end in the same position: as a horizontal line at the bottom of the square. The curve
is the set of intersection points of these two lines as they move from their starting positions
to their ending position.
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10. Why is the curve important?
It is one of the first curves that is not a straight edge and compass construction. It was used
to trisect an angle and square the circle.
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