
Fall 2024 Math F314X
Linear Algebra: Midterm 1

Name:

Rules:
• Show your work.

• You may have a single handwritten sheet of paper with writing on one side.

• You may use a calculatior

Problem Possible Score
1 10
2 20
3 15
4 25
5 30

Total 100

1

Solutions



1. (10 points) Let a and b be n-vectors. Show by direct computation that ka+ bk � ka� bk = 4aT b.

2. (20 points) Let a1 = (12 ,
p
3
2 ) and a2 = (�

p
3

2 , 12).

(a) Show that a1 and a2 are an orthonormal set of vectors.

(b) Write the vector v =


4
�8

�
as a linear combination of a1 and a2. Show your work.
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2 2

Hatton - Ha -
BIT = C atb5Catb ) - Ca - b)Tca - b)

= ai' atzatbtbtb - [ ata - Zatbtbtb ]

= 4 atb

• check ai taz
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• check normality
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• Find coefficients . answer

vt a
.
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- E's) furs
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3. (15 points) Given the vectors x1 =

2

4
1
3
0

3

5 , x2 =

2

4
2
2
0

3

5 , x3 =

2

4
1
0
0

3

5 , x4 =

2

4
0
0
1

3

5 .

(a) Carefully explain why no computation is necessary to determine that the vectors x1, x2, x3,
and x4 are linearly dependent.

(b) Use the definition to show the vectors x1, x2, x3, x4 are linearly dependent.

4

Since the number of vectors
,

4
,

is larger than the

dimension of the vectors
,

3
,

our Fact A implies

the must be linearly dependent .

I need to find Big Pa , Bz
, By where B ,

X
, tfzxztpzxzt By Xy = O

.

Or
,

B ,
t 2 Bz t Bz = O ① Demonstration of correctness

3G,
+2 Bz = O

-2%1+3/220) - 4 to (4) =/:o)
✓

B 4=0

Pick Bz=3:

Then implies

B ,
= -2 .

Thus ,
① implies

By = - B ,
-2 Bz

= - (-27-2/3)=2-6
= - 4



4. (25 points) Let T =

8
<

:v1 =

2

4
1
2
2

3

5 , v2 =

2

4
�1
0
0

3

5 , v3 =

2

4
0
3
4

3

5

9
=

; .

(a) Show that T is linearly independent.
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Suppose a
,

v
, t2zVzt2zVz= O

.
(A)

We need to show 21=22--23--0 .

Equation * gives the system of equations

a
,

- dz = O ①

22 ,
t 323=0 ⑥

22
,

t 493=0

Using
- Cii ) we get 23=0 .

Plugging 23=0 into Lii) implies a ,
= o

.

Plugging a
,

= o into Ci) implies 22=0 .

Thus we have demonstrated that the only

Solution to CA is 2
, -22--23=0 .

Thus
,

we

have shown using
the definition that

Vi , Vz ,
and vz are linearly independent.



(b) Begin the Gram-Schmidt algorithm on the vectors v1, v2, v3, in the given order.

Recall T =

8
<

:v1 =

2

4
1
2
2

3

5 , v2 =

2

4
�1
0
0

3

5 , v3 =

2

4
0
3
4

3

5

9
=

; .

i. Find q1 and q1.

ii. Find q2 and q2.
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5. (30 points) Short Answer

(a) Let a1 =

2

664

1
2
�3
4

3

775 and a2 =

2

664

5
4
3
c

3

775 where c is some real number. Determine the values of c

such that the angle between a1 and a2 be obtuse. (An angle is obtuse if it is larger than 90
degrees.)

(b) If kxk = 10 and kyk = 5, what are possible values for kx+ yk?

(c) The vectors v1, v2, · · · , vk are k- vectors and they form an orthonormal set of vectors. Can
you conclude that they are a basis? Justify your conclusion using complete sentences.

7

We need a Tazio
.

a Taz = 5+8-9 t 4C = 4t4e
.

If 4+4 c LO
,

then c L - I
.

Answer C can be any
real number in C- As - I )

.

triangle inequality implies llxtyll Ell xD thy 11--10+5=15 .

Since llxtyll to
,

we know llxtyll is in [ 0,15 ]
.

In facts we can conclude that

Hxtyll
311×11 - Hyll =5

using the observation that 11×11=11 ×+y - yll 's Hxtylltllyll .

Yes . They
do form a basis .

Justification
① Because they are orthonormal ,

we know

they are linearly independent .

② From ①
,

live know they are a set of K

linearly independent K - vectors
,

which

is the definition of a basis
.



(d) Suppose f(x) is a scalar-valued function of a 50-vector that outputs the sum the first 30
values in the input vector x. Determine whether f(x) is a linear function and demonstrate
your answer is correct.

(e) Determine a matrix A such that A

2

66664

x1
x2
x3
x4
x5

3

77775
=

2

4
x5
x4
x3

3

5

8

f is linear .

It  is sufficient to demonstrate that

f- G) = ATX for some appropriate a -

In this case
,

I choose A = ( 130,020 ) will work .

A must be a 3×5 matrix .
I reverse - engineer it

.
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