Linear Algebra Final Exam Review

The final exam will be Thursday December 11, 8:00am-10:00am in Chapman 106 (our usual class-
room).

You may bring in one 8” x 11” page of handwritten notes. You must turn it in with your final.

It will cover Chapters 1-4, 5.1-5.2, 6.1-6.2, 8.1-8.2

List of Topics

Chapter 1: Introduction to Vectors

Section 1.1: Vectors and Linear Combinations
terminology/definitions: vector, linear combinations of vectors, vector addition, scalar multiplication, a
vector equation.
skills: how to draw vector addition, subtraction, scalar multiplication, and linear combinations

Section 1.2: Lengths and Dot Products
terminology/definitions: the dot product of two vectors, the length of a vector, a unit vector, the angle
between two vectors
skills: how to use the dot product to determine the angle between two vectors (or whether they are
orthogonal, acute, obtuse); how to find a unit vector in the same direction as a given vector, how to find
the length of a vector.

Section 1.3: Matrices
terminology/definitions: matrices, matrix - vector product (both a row-view and a column-view), matrix-
vector equations (both a row-view and a column-view), a first look at the idea of a matrix inverse, a first
look at the idea of a set of vectors being linearly independent or dependent.
skills: how to determine if one vector is a linear combination of others, how to solve systems of equations
(in an ad hoc manner, perhaps), to recognize when a system of equations has one solution or multiple
solutions or no solution.

Chapter 2: Solving Linear Equations

Section 2.1: Vectors and Linear Equations
terminology/definitions: The column and row pictures of Ax = b both algebraically and geometrically,
in 2- and 3-dimensions, the identity matrix, a first look at matrix multiplication.
skills: Understand the geometric and numerical consequences when solving Ax = b and b = 0, under-
stand the geometric and numerical interpretations of solutions to Ax = b

Section 2.2: The Idea of Elimination
terminology/definitions: elimination, multiplier (ex: ¢31), elimination matrix, pivot,
skills: Know how to use elimination, including elimination matrices, to transform the matrix A or the
system of equations Ax = b into upper triangular form, recognize when the process of elimination
breaks down.
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Section 2.3: Elimination Using Matrices
terminology/definitions: the formal (rigid) algorithm for elimination, augmented matrix, row exchanges
and corresponding matrices, formal matrix multiplication and its algebra
skills: Perform elimination in this formal sense. Be able to find the corresponding elimination matrices
and the single matrix that performs all steps simultaneously.

Section 2.4: Rules for Matrix Operation
terminology/definitions/rules: there are several rules about how matrix multiplication does and does
not behave (ex: it’s associative and it distributes through addition, but it’s not necessarily commutative),
block multiplication
skills: This was a deep dive into matrix multiplication. You should be able to multiply matrices using
any of the four approaches.

Section 2.5: Inverse Matrices
terminology/definitions/rules: the inverse of a matrix, algebra of inverses (ex (AB )_1 =77)
skills: Gauss-Jordan Elimination to find the inverse of a matrix A. How the inverse relates to solutions
to systems of equations.

Section 2.6: Elimination = Factorization: A = LU
terminology/definitions: LU-factorization
skills: How to find an LU-factorization for a matrix A or recognize that no such factorization exists,
How this factorization relates to elimination. How the L and U matrices can be used to solve Ax = b.

Section 2.7: Transposes and Permutations
terminology/definitions: the transpose of a matrix, transpose algebra, symmetric matrices, permutation
matrices

Chapter 3: Vector Spaces and Subspaces
Section 3.1: Spaces of Vectors

terminology/definitions:
a vector space and a subspace of a vector space,
R™ as a vector space
the vector spaces M, F, Z (real 2 by 2 matrices, real functions f(z) and the zero vector),
defining a subspace as the set of all linear combinations of a set of vectors
column space of a matrix, C(A)
a subspace spanned by a set of vectors,

skills/principles:
identify sets that are or are not subspaces of standard vector spaces,
the geometric properties of subspaces (when compared to sets that are not subspaces),
the equivalence of the statements Az = b is solvable and b is in the column space of A.

Section 3.2: The Nullspace of A: Solving Az = 0and Rz =0

terminology/definitions:
the null space of a matrix A, N(A)
reduced row echelon form of a matrix, typically R (and this is different from U, notation for the upper
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triangular form)

pivot and free columns

special solution associated with a free column

rank of a matrix and what it indicates about a matrix, solutions to Az = b, and free columns

skills/principles:
know how to find a reduced row echelon form of a matrix
know how to efficiently find the null space of a matrix
know that row operations do not change the null space

Section 3.3: The Complete Solutions to Az = b

terminology/definitions:
a complete solution to Az = b and how to find it efficiently,
full column rank or full row rank and what these indicate about N (A) or C'(A)
skills/principles:
At the end of this section, we are supposed to understand in great detail what the reduced row echelon
form of A should indicate about the nature of solutions to Az = b, C(A), and N(A).

Section 3.4: Independence, Basis, and Dimension

terminology/definitions:
linearly independent sets of vectors and linearly dependent sets of vectors
a spanning set of vectors
basis
row space of matrix A, C(AT)
dimension of a vector space

skills/principles:
how to show (rigorously) that at set of vectors is linearly independent or linearly dependent
how to show (rigorously) that a set of vectors spans a vector space (or subspace)
how to find bases for subspaces, like C(A) or C(AT) or N(A)
how to determine the dimension of subspaces

Section 3.5: Dimensions of the Four Subspaces

terminology/definitions:
the four subspaces in words: column space, row space, null space and left null space and in symbols: C(A), C(AT), N(A), N

skills/principles:
know how to find each of the four subspaces, find bases for each of them, determine their dimension,
and understand their geometry (what space to they live in? orthogonality?)
how elimination does (or does not) change the four subspaces
know the basic principles on page 184 of your text. (You don’t need to be able to state the text’s “Fun-
damental Theorem of Linear Algebra”, but you should definitely know it!)

Chapter 4: Orthogonality
Section 4.1: Orthogonality of the Four Subspaces
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terminology/definitions:
orthogonal vectors and the algebraic consequences
orthogonal vector spaces, and examples
orthogonal complements

skills/principles:
If one knows a vector space, V, has dimension d and one has a set S of d vectors in V, one can know that
S is a basis of V' by checking one of the two properties of a basis (ie check S is linearly independent OR
check S spans V.) One does not have to check both.

Section 4.2: Projections

terminology/definitions:
the projection, p, of a vector b onto a vector a
the projection, p, of a vector b onto a subspace
theerrore=b —p
P, the projection matrix
z, the coefficient vector used to construct the projection p
skills/principles:
know how to compute the projection of one vector onto another and how to draw the projection, and
the same for the error
know how to compute the projection of one vector onto a subspace and how to draw the projection, and
the same for the error
know that the projection minimizes the error as measured by the sum of the squares of the differences
in components
know how to compute P, its properties, and how to use it
geometrically, we think of p as the vector in S closest to the vector b

Section 4.3: Least Squares Approximations

terminology /definitions:
the normal equations: AT Ax = ATb, whose solution is X

skills/principles:
the projection p (from 4.2) and the methods to find it can be reinterpreted to finding best solutions to
over-determined systems of equations or to finding curves of best fit to a given data set.
when Ax = b has no solution, X, is the “best” solution, or the “least squares” solution because it mini-
mizes the error |Ax — b|?
the least squares solutions can be used to find the line (or parabola or cubic...) of best fit to a set of points
(data)

Section 4.4: Orthonormal Bases and Gram-Schmidt

terminology/definitions:
orthogonal basis
orthonormal basis
Gram-Schmidt Process
skills/principles:
how to find the projection of a vector b onto a subspace S given an orthonormal basis qi, - - - qy,



Linear Algebra Final Exam Review

how to use the Gram-Schmidt Process to find an orthogonal or orthonormal basis from a given basis
If Q has orthonormal columns, then know the many efficiencies that result. (ex: Q7' Q =?, finding %,
finding P)

Chapter 5
Section 1: The Properties of Determinants

terminology/definitions:
determinant of a 2 by 2 matrix
skills/principles:
There are 10 principles to know about the determinant (listed in the text)
Know how to apply these to an n by n matrix
Section 2: Permutations and Cofactors

terminology/definitions:
We learned of three equivalent definitions of the determinant of an n x n matrix which in the textbook’s
terminology include pivots, the big formula, and cofactors. You should understand all of these definitions.

skills/principles:
For each definition of the determinant, you should have a sense of its value and use.

Chapter 6: Eigenvalues and Eigenvectors
Section 1: Introduction to Eigenvalues

terminology/definitions:
eigenvectors, eigenvalues, characteristic polynomial, trace

skills/principles:
Know how to find (or identify) eigenvalues and associated eigenvalues for a given matrix, if they exist

Section 2: Diagonalizing a Matrix

terminology/definitions:
diagonalizable, similar
skills/principles:

* how to recognize that a matrix is diagonalizable

* how to diagonalize a matrix, if possible

the value of diagonalizing a matrix

the relationship between being diagonalizable and invertible

Chapter 8: Linear Transformations

Section 1: The Ideal of a Linear Transformation
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terminology/definitions:
the definition of a linear transformation

skills/principles:

* how to determine (or recognize) whether or not a function is a linear transformation

¢ what conclusions one can draw if a function is a linear transformation

¢ as functions, matrix multiplication, differentiation, and integration are linear transformations

Section 2: The Matrix of a Linear Transformation
terminology/definitions: the matrix of a linear transformation, kernel of a linear transformation, range
of a linear transformation

skills/principles:
¢ how to find the matrix of a linear transformation

e know how to use a basis to find the matrix of a linear transformation and/or to determine the
image of any vector in the domain.

¢ how to find the kernel and the range of a linear transformation



