Fall 2024

Math F314X

Linear Algebra: Midterm 1

Rules:

» Show your work.

Name:  Solut:ens

* You may have a single handwritten sheet of paper with writing on one side.

* You may use a calculator

Problem Possible Score
1 20
2 20
3 20
4 20
5 20
Total 100
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1. (20 points) Let a = (1,—1) and « = (z1,x2,- -+ ,x90). Let b = a *x x, the convolution of the 2-vector
a and the 20-vector .

(a) What are the dimensions of 5?

20+2-1=2]

(b) Find the entries of b. (Note that b is too long to list all of the entries. It might be useful to let
b= (b1,b2,--- ,b,) and describe b; for appropriate i-values.)

b, =X, ble b, = &X+ 8%,
bz = XZ""‘\ )
= I ° XK &> C"' XZ"

N

Xk = Xp-|
by = %20 %1

bz, = - XZ.D

(c) We know there is a matrix A such that Az = a * x.

i. What are the dimensions of the matrix A.

21 x 20 A’,f’a-“”‘

)
(m\)%nrj (O]

ii. Describe the first three columns of A.

-1
)] \
& 3)’7 0 0 ©
(o Lo




P/e= Cpt2CaX

2. (20 points) The 3-vector c represents the coefficients of the quadratic polynomial p(z) = ¢; + cox +

03.1‘2.

(a) Find a matrix B such that Be = [ p(x) da. 7
2 2 3 -
S (C\ 'l'CQ,K'\'C.s)(?') dx = C,x"’éCLX"' '%637(] = 2—61‘1'262 *—% C’3 -
(] (o]
g
C, = 1 2 S
NSNS
s
(b) Express the conditions p(0) = 0, p’'(0) = 1, p(2) = =3, and p/(2) = 0 as a set of linear
equations of the form Ac = b. — -
po) = Ca = | ? % 9, Cr| = |-3
¢
‘P(23 < C\ *202 +L’03=‘3 O l Li_ > VOJ

p’(@: Cy, +HC3 =0

A -G = b

(c) Does A have a left inverse? Justify your answer. (Note: You are not asked to find a left
inverse, only determine whether or not one exists.)

Yes The columns of A ave l'mm\rlj 3nc&\>o.hcﬂ&hf,

(d) Does A have a right inverse? Justify your answer.
No. As a +a )l mo:-nlw‘x> 1+s rows mus+ be
lineavly clipendenb: Thus, it has ro yight
ln VeVt -
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3. (20 points) Suppose A= [0 1 2] .
1

0 -1

(a) Suppose someone, say Jill, gives you a matrix @ and a matrix R and asserts they are a QR-
factorization of A. What do you need to check to confirm Jill is correct? Be specific and be

efficient.
D Clee @R=A
@) Cleck R is vppw ""‘““Gl‘
§-1)

B Check G is orthognal. (So cleck G;

1 0 0 1 1 %
(b) Infact, A does have QR-factorization where Q = [« v2/2 2/2| andR= |0 V2 =«
*x —V2/2 V/2/2 0 * *

Fill in the blank spaces in the entries of Q and R below. You can show your work and/or
explain your reasoning in the remaining space.

Answer:
. ! T
(1 0 0 L Ol « as %/
0 T
Q= - V2/2  V2/2| and R = - ‘ﬁ’/z R Oy ﬂ,?,
36
—f/2 \/>/2 o O 2 | le 437’ 01’}
o t
Cram.chmddE— e R;s upp,o.,er
(o]
— 2 7 - r""t 7 f_a
a’é'[l 24 9,70 Z'I T2l 312_
T
0 o
T z} vzl 3F
A, ‘Lb’ 11 |2k /2
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4. (20 points) Let A= [0 —2 1
0 0 1

(a) Find a left inverse of A. (You can do this by inspection.)

s ofl[22 -] [ oo
ol - Y% g -2\ | = o | 0
ol o ]| O | 5 O |

e Coll must™ o rew L must o e wstaw
e be 245
(/]
[ ['l,, "17’ 01 D

(o) Does A have a right inverse? Justify your answer. (You are not asked to find one, just to
determine whether or not one exists.)

A 15 Sguar . So et ’m\,e/-l.lsil:"]-g TMTI}‘!A

Yes.
right muvertblin. (2 2 -17[L % © | o O
o -z ! o %|lp | O v

(c) Letb= (4. —6,3).
i. Use your answer in part (a) to solve the system of equations Az = b.

Ay=b >(:A~'!9-

L o(H (237 /:’
Xz |7 2| =] 2
N TN El EERe1

o 2 2
3 3 3
LO O ]~, J ol

ii. Since A happens to be upper triangular, describe an alternative method for solving Az =
b. (You don’t have to perform the method, though you could use it to check your answer.)

Bk subsdhto.
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5. (20 points) / C‘T&‘}W-J
(a) Give an example of a 3 by 3 matrix A such that all entries are non-zero and such that A is
NOT invertible. Explain why your example is not invertible.

a s not invertible blc ID'C—Ol\(fQ

] /o T
A=1|2 20 VI = Coly,(A).
ub >0 & |

(b) Assume A is square, has linearly independent columns, and has a QR factorization. Does
A~! always exist? If so, find A~! in terms of @ and R. If not, explain why A~! may not exist.

_ —1 -t -

A= BR. So A=(eR =R G
- T . .
= G (Smc&@ S
R or%osonal.)

(c) Suppose B is an orthogonal matrix.
i. State the definition of an orthogonal matrix.

1+is Square. 14+ ¢ cxlumng form an ordtio nermal
S{;" o‘( VE(.—,UV.S. So -Hq.b avl o/%oaona.( amc/ /.(,na%j_

ii. Are the rows of A linearly independent? Justify your answer.
\ 7. .
fes B B=Tn. Sv B’ ;s Right iwwedb,

So HR yows ane 1w indxp,

(d) Suppose A is an m x n matrix. Suppose D is an m x m diagonal matrix such that D;; = 2°.
Describe the result of matrix multiplication D A.

DA s gn mMmXn mc:-(—t/?\( Such Yat Ho L“Lé\
ww of DA Vs A - (Fowc- A'X,



