
Monday 4 Nor • pseudo inverse

•the least squares problem

I
. Pseudo  inverse ( 11.5 )

A
. A  is mxh matrix .

the columns of A if and ATA  is
are linearly independent only if invertible

why ?

Suppose columns of A are linearly independent
Let x be an n - vector so that ATA x= O

.
( There

must be some vector
,

e. g. to
. )
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n - vector
of

Zeroes

= ¢AT) CAD
b/c matrix

malt .  is associative .

= CAXTCAX) bk CATBD -

-

CBAF

= MAXI b/c Hall ! ata
. .

But the only way
HVHIO is if v is the zero vector .

Since cols of A are linearly independent ,
the only

way Ax = O is if X = O .

Since the only solution to ATA x=O is if # o
,

we have shown the columns of ATA are linearly
independent .

Thus ATA  is invertible .
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Suppose the columns of A are linearly dependent .

Then there  is some x so that Ax=o ant X 't O
.

⇒ At Ax = O and x # o
.

⇒ columns of ATA are linearly dependent

⇒ ATA  is not invertible
.
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def : Suppose A  is an mxn matrix with

linearly independent columns .

*
←

dagger
( So mean . )
The pseudo inverse of A

,
denoted A

,

is
> CATAYAT = Abt

.

t At is a left  inverseof

- A

I we just argued that this makesG.±. in::÷: .
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Let A-
( to.

• Find the pseudo inverse of A
.

• Find an inverse by
inspection .

So At -
- f ! 209 )

,

so Ata -
- fi;off! ! f- Ci'd , fist . .
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i #air : Iset

= ÷÷t .

check !
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. Motivating Question for Least Squares .

A -

-

f! !
,
)

with columns ai
-

- § ) ,
az -

- f!) .

• The vectors a
, , Az do NOT form a basis .

Why ?

• Find a vector b so that Ax = b has
a solution .

° Find a vector c so that Axe does

not have a solution .

Ext X -
- [ I;) ,

Choose Xfxz =/ .

Sof!
'

g) fi) -
- f } ) .

so b - would work !

So would choosing X
,

-_ I ,xz=o so b = (ko)



ED Choose

c=µg) .

There is no solution

to

④I
,
) 1=11,1--4;) ,

b/c the only

way Cz - -2 is for x , =L. Similarly ,
since Cz = - I

,

112=1 .

But then C
,

= 2 f- S
.

There are many answers : Coo) or %)
The motivating question :

We know

(201,14×2)=44) has no solution
,

can we find a
"

good
"

or

"

close
"

solution ?
A '  '

best
"

solution ?

Ed x
, =xz= I gives [}

, ] which is 3 units from f§
,)=cbut x ,

-
-

I

,xz=2gives &I
,
)ff=L?z)=b

II. c- bH=H C 2,0
,
DH = ME IF <3 .

Best ? →



Recall At = aI,I;)
" " '

at
= ¥¥

.
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7%1=2
← best Iclosest solution

Check
AE

-

- f! ¥33) =/!¥g)
-

- b

It c - bit -
- It - K¥3111 -1k¥ , -5,13311

= 164446£ = 396£ = Iz = 2

crazy !


