Math 314 Midterm 1 Fall 2022

Name: Solu—h Y2

Rules:

You have one hour to complete the exam.

Partial credit will be awarded, but you must show your work.
You may have a single handwritten sheet of notes.

Except for problem 1, you may use technology to find the reduced echelon form of a matrix or to multiply
matrices.

Turn off anything that might go beep during the exam.
Good luck!

Problem Possible Score

1 10

2 10

3 25

4 20

5 20

6 15

Extra Credit 5
Total 100
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1. (10 points) Find the product AB for the matrices below, by hand.

1 0-20
A:((l) j g)andB: 0 2 5 1
30 0 1

G"@ (5 «4) = ZxH

( o - 0
| -2 0> 6 2 g |
o -l 4 -3 0 p |

[ +0 40 o-4Y40 -2 -/0+0 0-2+0

I

6 +o0-2 ©-240 0-540 O -1+Y

_/ -y e Al
'<~tz 2 -5 3>
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1 0 2
2. (10 points) Let A = [2 1 O] . Demonstrate how to find A~!.
2 -1 4
: AN
|OQ:[0© rr&'FlOo( é,’
7 1 0.0l 0| —]01 020
2 -4 00! 00 11 -l
| N "
Sb A= ) 0 |
| W
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a

a+ c] is a linear map.

3. (25 points) Let h : P, — R? by h(ax? + bx + ¢) = [
2c

(a) Show that & respects scalar multiplication. N R .
=r (V .
Need +o show Hhat for 2uer v resl numbeyr € and eir&g vechor v, h(fv) h )

In( r(ax +‘°><+C33 h(“‘" rrlox+ve) = <rou—ro>

2rc
= C (0\4&\ = h<a)< *‘Dx’\'c’ﬁ

2¢c

)

(b) Find the image of x> + 4x — 2 under h.

[
L\(}(Z—PLJX"Z,\): | -7 — -
2 (2) 1

i

1
(c) Is [3

] in the range of h? Justify your answer.

0 \
No. 18 hlax+oxic) = <Z>
=\
Af’/l Hon =3 % a=) =3 but atrcE3.
2¢ = (.

... continued on next page ....
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... continued from the previous page ....

a
Recall that i : P, — R? by h(ax® + bx +¢) = [a + c].
2c

(d) Determine the null space of .

Qa ° =C=0.
Find all ox*rlbx+C Ssthak a+f»> = (g\> o °

/\’5 ZC
Answer : null  _ %bx : ‘OQTRB

5?01 e

(e) Determine the rank of % by finding a basis for the range space of .

Coanken = dim (mnsoh} :

cange b E @Q) | Q’CE’R} - g (3) *C@ | GJMB

*5 "’S?‘*“(%Q))(DVS N

(f) Is h an isomorphism? Explain.

/\/o. nullif’j O'F h :4720_ Soe h s /’)G-é /"/

v [OR : rank h=2#3, S his met Mﬂ}n)
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2 -1 1
4. (20 points) Let & : R?* — R? is a linear map with matrix representation H = [O 1 1]
0 0 2

(with respect to &; in both domain and codomain)

1/2 1/2 0
It is a fact that H~! :[ 0 1 1/2].
0 0 1/2
-2-342 -3
_1 Z __l ‘ /( _ 3 _
(a) Findh[[3]] = o , -l 3 |= -2 = l
2 0] o) 7 Z Y Y
v
4
(b) Find the inverse image of (—2] or state that it does not exist.
6
x 4 5 O\ /Yy 2-140 ’
’\’ L\ )‘l (/(%)9 o l '/Z /Z - ,2 *3 - ‘

(c) Explain why the information given in the problem implies that the nullity of 4 is zero.

Y L is invediblh. %o s -1 So nall'ﬂ ot | =0

(d) Find the matrix representation of the linear map 4 o h.
9 2 | 2 -l | gy =3 5
H = © ) - o 1 - |=[0 1 -3
0 0 o Jloo2 0 o0 4

(e) Is h o h an isomorphism? Justify your answer.

4 e S
X Ih has an inwde. S0 . 5
Thus (}'WO haes inwie h-’o [’f’_ Or al—HVna{Zg 5 Y has

Inrtrt (H-'>z [n gitler st hoh haS an nwerse implies s

M

his an 'lembrPAiSM

an 15emerphism-
[There are many posSi

7
bl J‘uaiiffcdim hw.]
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5. (20 points) Let B = <(i) , (_11)> andlet D = <((2)) , (;» be two bases of R2.

2
-8

\ N /2
IO ORS)
I—‘:Z rref | O:,B > V—, -3
[l 'E’Q]’e[bli’s]- ; "5)3

(a) Write the vector vV = ( ) with respect to basis B.
&

X

(b) Find Repg p(id), the change of basis matrix from basis B to basis D.

X 71 - ek Lo W
oL HO'IVZ 2

’

Lo =2
5'0 RQ?B D(id} z L‘I /I‘f
! A

(c) Use your answer in part (b) to find repp(¥).

3, 15

L 2\/-3 il 3
o (1 z
g L) - -2 _5
/Z -~ 5 P —
2 Z

\

4
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6. (15 points) Short Answer

(a) Let M be a 5 x 7 matrix with rank 3 that represents a linear transformation % from vector space
V to vector space W. Fill in the blanks:

The dimension of V is ‘7'
The dimension of W is 5
The dimension of the range of 4 is 3

U

The dimension of the null space of 4 is L/

(b) Assume & : R> — R? is a linear map such that ((1)) - (;) and (0) — ( 0

1 ) . Find the image of

the vector (_3 ) .

s h@)=h(00)2(3)-()- ()= (¢

(c) Assume A is a singular n X n matrix that represents a linear map from R” to R". Can there exist
a vector w in the codomain that fails to be the image of any vector in the domain? Explain your
reasoning.

Since Ais s'mauulav) L
& )/{ map +his is NoT oo, So there must be Serre vechr UV N
Hee codomain that s net the immage of any e cor-in +he-

dsmain .

rankEA <N S A ﬂfp)ﬁSLMréS o

(d) Assume h : V — W is a one-to-one linear transformation from vector space V to vector
space W and has matrix representation H. Can you conclude that the columns of H are linearly
independent? Explain.

Since h 75 4_—:1) dim (V): al'lm Cmnge/o\c }'\) = ran.k[ ﬂ)f

gb ‘H’M— Tﬁzﬂjuceal row 20/1!//6/? ]Corm O'F U MMS”/L have A
[u““’fﬂ e wc(j colunn. So the Celu mns st 4&

}iNan in dipen dont-
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2 -1 1
Extra Credit (5 points) In problem 4, the matrix H = [0 1 1] was the representation of a linear
0 0 2

transformation 4. Find the matrix representation of 4 with respect to the basis B = (é3,¢3,¢€1) (i.e. a
re-ordering of the standard basis).

6 o |
o 0 = N\,
B,% o | 9

£
W\

10



