MATH 405 HW 10 Spring 2024

1.

Find all of the ideals in each of the following rings. Which of these ideals are maximal and which
are prime?

(@) Zig

(b) Zos

() Ma(R)

d Q
Find all homomorphisms ¢ : Z /67 — 7./ 157.

. Prove that R is not isomorphic to C.

a

Define amap ¢ : C — M, (R) by ¢ (a+ bi) = (—b

image under ¢.

2) . Show that ¢ is an isomorphism of C to its

Prove that the Gaussian integers, Z|i|, form an integral domain.
Prove that if R is a field, the only ideals of R are {0} and R itself.
Suppose ¢ : R — S is a ring homomorphism. Prove each of the following statements.

(a) If R is a commutative ring, then ¢ (R) is a commutative ring.
(b) ¢(0r) = Os.

(c) If ¢ is onto, then ¢ (1g) = 1.

(d) If Ris a field and ¢ (R) # {0}, then ¢(R) is a field.

. Let R be aring and let {Ry} be a collection of subrings of R for o € A. Prove that NgecaRy is also

a subring and show by example that the union of two subrings may not be a subring. Note that A is
just an index set.

. Let R be a ring and let {I} be a collection of ideals of R for o € A. Prove that Ngealy is also an

ideal and show by example that the union of two ideals may not be an ideal. Note that A is just an
index set.



